We prove the existence of a thermal convection that is inherent, in the sense that it is always present and it has no thermal gradient threshold. It occurs in a fluid with either elastic or inelastic particle-particle collisions (i.e., for molecular and granular fluids). For this, we study a gas of smooth hard discs enclosed in a rectangular region under a gravity field. The vertical walls act as energy sinks (i.e., walls are parallel to gravity and hence we call them dissipative lateral walls, DLW) whereas the other two are perpendicular to gravity and act as energy sources. We show that the DLW convection is due to the combined action of dissipative lateral walls and a volume force (in this case, gravitation). We perform our study via numerical solutions of hydrodynamics in the Boussinesq approximation, comparing it with molecular dynamics simulations and laboratory experiments.
The granular fluid and a more general mechanics of fluids: Introduction
Fluid matter exhibits a remarkable tendency to build up organized structures. Different stages appear generically in a fluid system as we depart further away from equilibrium (Gollup 1995; Kadanoff 2001) : laminar convection ends up developing turbulence (Batchelor 1982) that produces different characteristic patterns (Hunt & Durbin 1999) such as plumes, swirls, eddies, vortexes (the vortex inside Saturn's hexagon is a beautiful example of atmospheric stable vortex, see for instance the work by Godfrey 1990) , and eventually, spatio-temporal chaos (Egolf, Melnikov, Pesch & Ecke 2000) . Furthermore, extensive spatio-temporal chaos may render back again equilibrium-like states at larger time/length scales (Egolf 2000) .
Since the seminal works by Bénard (1900) and Lord Rayleigh (1916) , the fluid flow in closed circuits (convection), caused by the presence of temperature inhomogeneities, has likely been one of the most studied problems in science (the works by Cross & Hohenberg 1993; Bodenschatz et al. 2000 , are good reviews on the subject). The phenomenon is ubiquitous in nature (including biological systems) and is well known, but let us describe it again, at its simplest, as follows. Let us imagine a real, experimental system where there is a gravity force, keeping a fluid layer at rest at temperature T and with two horizontal limiting fluid surfaces. The upper one (in the sense of gravity) is either free or in contact with a solid surface. Then, by means of some kind of temperature source at higher temperature T 0 > T , the fluid is heated from below. The difference T 0 − T is gradually increased but the fluid remains static. However, when a critical temperature gradient is reached, fluid motion is set on, shaping regular patterns in all of the fluid volume (Bénard 1900) . The theoretical treatment by Lord Rayleigh (1916) relied on the work by Boussinesq (Kh. Zeytounian 2003) , who defined the relevant terms in the balance equations for a fluid, worked out by C.-L. Navier and G. G. Stokes only a few years before (Batchelor 1967) .
Let us recall also that a more generic concept of fluid includes systems where the particles are not necessarily microscopic; i.e., the particles could be macroscopic as well if the typical size is greater than 1 µm (Bagnold 1954) . For macroscopic particles, the kinetic energy will be partially transferred, upon collision, to the lower (smaller length scales) dynamics levels, never coming back to the upper granular level. For instance, it may be transferred into thermal movement of the molecules that are the constituents of the disc material (Andreotti, Forterre & Pouliquen 2013) . Thus, unless the system gets an energy input from some kind of source, it will evolve by continuously decreasing its total kinetic energy; i.e. lowering the system granular temperature (Kanatani 1979) . This temperature decay rate was calculated, for a homogeneous and low density granular system (i.e., a homogeneous granular gas), by Haff (1983) .
However, when excited by some persistent external action, stable granular gas systems are found spontaneously in nature, for instance in sand storms (Bagnold 1954) , and also in laboratory experiments, where air flow (Losert et al. 2000) or mechanical vibration (Olafsen & Urbach 1998; Pontuale et al. 2016; Puglisi et al. 2012 ) may be used as energy inputs. Under these conditions, the granular gas can develop steady laminar flows (Vega Reyes & Urbach 2009). In fact, the dynamical properties of a set of rigid particles in a high state of agitation was elucidated as a subject of the theory of fluids a long time ago by Reynolds (1885) . Unfortunately, the hydrodynamics of granular fluids is not in the same stage of development as it is for molecular fluids. For instance, the corresponding hydrodynamic theory for thermal convection in a granular gas was developed only very recently (Khain & Meerson 2003) .
Thus, an analogous analysis for granular fluids of the dynamic stages described above for a molecular fluid is still pending. The present work aims in this direction. This kind of analysis would be relevant since the Universe is mostly composed of soft matter systems (even at biological level) where the particle collision events relevant for the dynamics are not (or are not only) at the molecular level but (also) at macroscopic level; clear examples are the dynamics of planet rings (Brahic 2001; Showalter & Lissauer 2006; Brilliantov, Kaprivsky, Bodrova, Spahn, Hayakawa & Stadnichuk 2015) and sand plumes in the Earth's atmosphere (Yu & et al. 2015) , both composed by granular particles. Furthermore, nature is in far-from-equilibrium states at most places. Thus, for an appropriate understanding of the Universe (Isella et al. 2016) it is relevant to develop to its limits a hydrodynamic theory of granular matter, covering all levels of hydrodynamics: not only laminar flows and convection phenomena but also turbulence and chaos (Banigan, Illich, Stace-Naughton & Egolf 2013 ).
Here we show a new hydrodynamic behaviour for both molecular and granular fluids that can be described with exactly the same set of hydrodynamic equations. It consists of a thermal convection that is produced by the combined action of gravity and a perpendicular thermal gradient (we remark, perpendicular gradient to gravity, not parallel, like in Rayleigh's problem). Our work, where we now convey a full theoretical frame, is inspired by recent experimental results (Pontuale et al. 2016) . The observed convection cells are remarkably similar for both molecular and granular fluids and remarkably different to those produced by Rayleigh-Bénard convection. This is even more surprising if we find, as we do, that the general convection properties may be theoretically described in the Simple sketch of the system geometry. The system is heated from the horizontal walls (at y = ±h/2). If the lateral walls are neutral, this configuration leads to uni-dimensional flows (if in laminar regime); i.e., all spatial dependence is contained in the variable y. However, if the lateral walls (at x = ±L/2) act as energy surface sinks, bi-dimensional flow occurs.
context of the Boussinesq equations (Chandrasekhar 1981; Busse 1978) , that succeeded also to describe Lord Rayleigh's convection. Dissipation at the lateral walls generates gradients perpendicular to gravity in our analysis. Moreover,system consits of dissipative particles which, in general, should dissipate also in particle-particle collisions. In principle theoretical treatments (simulations, hydrodynamics) allow us to separate the two sources of dissipation and make "ideal" assumptions where the internal dissipation is switched off (as in molecular fluids) but dissipation at the walls is retained. The most general and realistic case, however, is when particles are dissipative in any kind of interaction, as in granular materials. In that case the Boussinesq equations need adaptation to take into account the effects of inelasticity.
Description of the system and the problem
Let us consider a system composed of a large set of circular particles (discs) in a twodimensional (2D) system. The particles are identical smooth discs. In particular, they have a mass m and a diameter σ. The system is immersed in a constant gravitational field g = −gê y . See Fig. 1 . We will also assume that the system has a low particle density n at all times. Moreover, the system density will be low enough so that collisions occur always between just two particles and they are also instantaneous (in the sense that the contact time is very short compared to the average time between collisions, Chapman & Cowling 1970) . The problem we study, as suggested in §1, is relevant however also for molecular gases. For this reason, our theory takes into account the generic case of either molecular (elastic) or a granular (inelastic) gas, being the fluid caged in a finite region with its boundaries provided with energy sources, as depicted in Fig. 1 . Therefore, assuming our system is a gas, we define the single particle velocity distribution function f (r, v|t) with r, v being the particle position and velocity, respectively functions of time (t). The first three velocity moments of the distribution function n(r, t) = dvf (r, v|t), u(r, t) = (1/n) dvf (r, v|t)v , T (r, t) = (1/dn) dvf (r, v|t)mV 2 , define the average fields particle density (n), flow velocity (u) and temperature (T ), respectively (with V = v − u and d is the system dimension, in this case, d = 2). We use in this work the smooth hard disc collisional model, where the rotational degrees of freedom of particles movement are ignored (as we said, our discs are spinless). The kinetic energy loss upon particle collision is characterized by a constant coefficient of normal restitution, denoted as α. The collisional rules and the properties of this model are well known (Brey, Dufty, Kim & Santos 1998; Brey & Cubero 2001) . For a granular gas, molecular chaos (i.e., particle velocities are not statistically correlated) also occurs in most practical situations (Prevost, Egolf & Urbach 2002; Baxter & Olafsen 2007) . Therefore, the kinetic Boltzmann equation (Chapman & Cowling 1970) , may also be used to describe granular gases (Dufty 2001; Brey, Dufty, Kim & Santos 1998) .
The general balance equations that follow from the inelastic Boltzmann equation have the same form that for molecular fluid except that in the energy equation there is a new term that takes into account inelastic cooling. Therefore, they have the following form (Brey et al. 1998; Sela & Goldhirsch 1998) 
In the above equations, D t ≡ ∂ t + u · ∇ is the material derivative (Batchelor 1967) , and P, q are the moment and energy fluxes (stress tensor and heat flux), defined respectively by P = m dv V V f (v) and q = (m/2) dv V 2 V f (v). As we said, notice the new term ζT in the energy equation of (2.1), where ζ represents the rate of kinetic energy loss, and is usually called inelastic cooling rate. Expressions of the cooling rate and the inelastic Boltzmann equation are well known and may be found elsewhere (see for instance the work by Brey et al. 1998) .
Let us note also that the set of balance equations (2.1) is exact and subject to no approximation nor hypothesis (thus, it works whether hydrodynamics applies or not). However, in order to close the system of equations for the average fields, we need to express the fluxes P, q and the cooling rate ζ as functions of the average fields n, u, T . Hydrostatic pressure field p is defined by the equation of state for an ideal gas: p = nT . Starting out of the kinetic equation for the gas, this can only be done if the distribution function spatio-temporal dependence can be expressed through a functional dependence on the average fields; i.e., if the gas is in a normal state (Hilbert 1912) , this being true if the spatial gradients vary over distances greater than the mean free path (that is, the characteristic microscopic scale).
The boundary conditions come from the usual forms for temperature sources, no-slip conditions, and pressure origin: T (y = +h/2) = T + , T (y = −h/2) = T 0 , u(x = ±L/2) = u(y = ±h/2) = 0, p(y = −h/2) = p 0 . We also need boundary conditions that take into account dissipation at the lateral walls (Johnson & Jackson 1987) 
where α w is the coefficient of normal restitution for wall-particle collisions and A(α w ) = (π/2)mp(1 − α 2 w ) is given by the dilute limit of the corresponding expression in the work by Nott, Alam, Agrawal, Jackson & Sundaresan (1999) .
Navier-Stokes equations and transport coefficients
We will assume that the spatial gradients are sufficiently small, which is true for steady laminar flows near the elastic limit (Vega Reyes & Urbach 2009). Therefore, we use the Navier-Stokes constitutive relations for the fluxes Brey et al. (1998) ; Brey & Cubero (2001) 
3)
In (2.4) we can find the transport coefficients: η (viscosity), κ (thermal conductivity), and µ (thermal diffusivity). These coefficients have been calculated by several authors with variations in the theoretical approach. For instance, Sela & Goldhirsch (1998) performed a Chapman-Enskog-like power series expansion in terms of both the spatial gradients and inelasticity, up to Burnett order, but limited to quasi-elastic particles whereas Brey et al. (1998) perform the expansion only in the spatial gradients (and the theory is formally valid for all values of inelasticity). Previous works, like the work by Jenkins & Savage (1983) and by Lun, Savage, Jeffrey & Chepurniy (1984) obtain the granular gas transport coefficients only in the quasi-elastic limit. These theories will actually yield indistinguishable values of the Navier-Stokes transport coefficients for nearly elastic particles (the case of our interest in the present work).
The essential point to our problem is the scaling with temperature T and particle density n. This scaling for hard particles is the same for all of the above mentioned works (Chapman & Cowling 1970; Brey et al. 1998) 
(2.5)
The heated granular gas: convective base state
First we revisit the general argument which states that a hydrostatic state is impossible when a temperature gradient is assumed in the horizontal (transverse to gravity) direction, as it is in the case of dissipative lateral walls. Momentum balance in Eq. (2.1) supplemented by ideal equation of state, in the absence of macroscopic flow (hydrostatic) states that
The first equation gives p(x, y) ≡ p(y), which, used in the second equation, sets n(x, y) ≡ n(y) and as a consequence T (x, y) ≡ T (y). This is in contradiction with the horizontal temperature gradient assumed above. Convection must be present.
The Boussinesq approximation for a granular gas
As we said, recent experimental work (Pontuale et al. 2016) showed the emergence of a new type of thermal convection that is due to dissipation at the lateral walls system. According to both experiments and computer simulations (molecular dynamics) results, this convection would only show one cell per wall, independently of thermal gradients strength and system size. The flow in the bulk of the fluid, for wide systems, appears to be zero or negligible. This is a remarkable property of this new convection, since RayleighBénard convection always occurs in all of granular fluid volume (Khain & Meerson 2003) .
For our theoretical description, let us use as reference units: particle mass m for mass, particle diameter σ for length, thermal velocity at the base v 0 = (4πT 0 /m) 1/2 for velocity, pressure at the base p 0 = n 0 T 0 and σ/v 0 for time.
A common situation for thermal convection is that all density derivatives are negligible except the spatial dependence of density that is coming from gravity, which appears in the momentum balance equation. This happens when the variation of mechanical energy is small compared to the variation of thermal energy (Gray & Giorgini 1976 ) and leads to the Boussinesq equations (Busse 1978; Chandrasekhar 1981) . This is always true in our system if the reduced gravitational acceleration fulfills gσ/v 2 0 1. Thus, we restrict our analysis to small values of g. Taking this into account in the mass balance equation in (2.1), immediately yields ∂u x /∂x + ∂u y /∂y = 0. Moreover, for weak convection (as it is the case of our experimental results) we can neglect the inertia (nonlinear) terms that emerge in the balance equations (2.1) (Busse 1978) . Incorporating these approaches into the other balance equations in (2.1) and for our system geometry (see figure 1) , and with our reference units, we get the following dimensionless Boussinesq equations for weak convection in the granular gas
with g * = 4πg.
Numerical solution and comparison with experiments
In order to numerically solve the equations (2.7)-(2.9), we used the finite volume method. For this, we wrote a code using the SIMPLE algorithm (in order to avoid numerical decoupling of the pressure field Ferziger & Perić 2002 ) and the FiPy differential equation package with the PySparse solver (Guyer, Wheeler & Warren 2009 ). We have seen (see figure 3 ) that the agreement with experiment and MD simulations is qualitatively very good. Also, all major properties of the flow are reproduced in the numerical solution obtained from the Boussinesq approximation. Figure 2 clearly demonstrates that wider systems do not display more convection cells. The number of cells remains always one per dissipative wall. We also notice that the flow is upwards in the outer part of the cells (towards the system center) and downwards next to the lateral walls. It is interesting to note also that, according to numerical results, 1/2 reaches roughly the same maximum value when varying system thickness. Furthermore, if we define the cell size as the horizontal distance between the upwards and downwards streams (see Figure) points at maximum convection speed, then we see that the size of the cells remain constant. The exception is for systems thinner than twice the cell size, in which case the cells squeeze each other (panel 1 in Figure 2 ). All of these results show the peculiarities of the DLW convection with respect to Rayleigh-Bénard convection and coincide with the experimental behaviour previously detected (Pontuale et al. 2016) .
In figures 3 and 4 we see a comparison between theory and experimental results, for g = 0.016 g 0 (with g 0 = 9.8 m/s 2 ) in the cases of p = p 0 and p = (10/3)p 0 (p 0 being the arbitrary pressure unit) respectively. As we can see, the agreement is very good for the flow field, and more qualitative for the temperature and density fields. However, it is clear in both cases that the cold fluid regions next to the lateral walls are adjacent to the convective cell centers. We also checked that when dissipation at the lateral walls is switched off, no DLW convection appears out of the theoretical solution. In this way, we may conclude that the convection mechanism appears as a consequence of the combined action of two perpendicular gradients: the density (and thermal) gradient due to the action of gravity and the horizontal gradient due to energy dissipation by the lateral walls.
Conclusions
We discuss in this work the theory framework for a previously observed the experimental phenomenon of inherent convection induced by dissipative lateral walls for a granular gas under a gravity field. This convection is unique since it appears automatically without Figure 3 . Experiments: with f = 45 Hz, A = 1.85 mm. Theory: coefficient of restitution α = 0.9 (both for particle-particle and wall-particle collisions).
the need of a strong thermal gradient. It is an 'automatic' convection. We think this observation may lead to a number of new applications of fluid thermal convection. We have built a hydrodynamic theoretical framework that explains the physical origin of this automatic convection, in the context of the Boussinesq equations for the granular gas. Our theory also explains the main features observed for this convection in experiments. That is, the DLW convection displays in all cases only one convection cell per dissipative wall, the width of this wall being increased when convection intensity increases. Moreover, the DLW convection intensity is enhanced by increasing gravity acceleration, and/or wall dissipation. Conversely, it is decreased by increasing bottom wall temperature (at fixed gravity and wall dissipation).
We have demonstrated theoretically that a granular gas under gravity and delimited by inert inelastic lateral walls has no hydrostatic steady state (the DLW convection is inherent). This also implies that the classical volume thermal convection in granular gases does not appear in experimental systems out of a hydrostatic state. In fact, it develops as a secondary instability out of the DLW state. Therefore, more theory work would be needed in general to correctly describe the instability criteria for the volume thermal convection in granular gases. This implies also that accuracy of previous hydrodynamic theory for the volume thermal convection could be seemingly concealed if the prior existence of the DLW is taken into account.
We do believe that closely related phenomena have been presented previously (Wildman et al. 2001; Risso et al. 2005) . However, in the present work we develop a theory framework for convection induced by DLW. Furthermore, the present work constitutes a strong evidence that steady granular flows can be correctly described with a standard hydrodynamic theory (Puglisi 2015 
